Abstract. Given a finitely generated subgroup G of a ring R we provide a finite subset of G such that if each element of this set satisfies some cubic polynomial equation in one variable over the center Z of R then the subring generated by G has finite Z-rank. When the cubic equations are the same unipotent (x − 1) 3 = 0, we prove that for the domain D = Z 3)) is nilpotent. When d = 2, the set P 2 is y 1 , y 2 , y 1 y 2 , y −1 1 y 2 , y 2 1 y 2 , y 1 y 2 2 , [y 1 , y 2 ] and we prove that all elements in the image of F 2 in A 2 (3) satisfy (x − 1) 3 = 0.
Introduction
The impact of finite order conditions on a group has guided major developments in group theory, so have similar finiteness questions in the theory of algebras [1] . The purpose of this paper is to examine finitely generated groups defined by a finite number of algebraic relations of small degree; to wit, polynomials in one variable in degrees 2 and 3. The degree 4 case presents challenging difficulties.
Our first result is a finiteness rank criterion.
Theorem 1. Let G be a group generated by {a 1 , ..., a d }. Define the following subsets of G E 1 = {a 1 } , M 1 = e, a
The set E 2 = a 1 , a 2 , a 1 a 2 , a 1 a , page 88). In the realm of variety of representations, where all elements of the group G satisfy (x − 1) n = 0, if the characteristic is zero then G is nilpotent. This follows from an application of a deep theorem of Zelmanov for Lie algebras in characteristic zero satisfying some Engel identity ( [3] , page 71-72).
The rest of the paper is dedicated to finitely generated groups G where (x − 1) 3 = 0 is satisfied by a finite number of g ∈ G.
Let F d be the free group of rank d ≥ 2, freely generated by {y 1 , ..., y d }, D be an integral domain and DF d be the group ring of F d over D. The augmentation ideal of DF d will be denoted by ω d and its D-generators by u (g) = g − 1 for all g ∈ F d .
For the sake of completeness, we treat first groups satisfying unipotent quadratic conditions. Consider the more general problem of describing finitely generated groups G which satisfy a finite number of cubic unipotent conditions. As expected, the situation here becomes more complex. If we require further that G be a subgroup of a finite dimensional algebra and that the unipotent cubic condition holds for all g ∈ G then by Kolchin's theorem [2] G is nilpotent.
We do not know if in our first theorem the condition (g − 1) 3 = 0 for all g ∈ E d yields that the group G is nilpotent. An alternative set P d is constructed in the proof of the next theorem. Define the following subsets of F 2 Q = {y 1 , y 2 , y 1 y 2 } , S = y 1 , y 2 , y 1 y 2 , y
The above theorem is a consequence of a careful study of the following rings , where
is satisfied by all elements of G.
Proof of Theorem 1
We treat first the case d = 2. Write a 1 = a, a 2 = b. We may assume that for each x ∈ a, b, ab, a −1 b
for some γ x , δ x ε x in the center of R and ε x an invertible element of R.
Multiplying by x −1 produces
and by x −3 produces
More generally, x k is a linear combination of 1, x, x −1 for all integers k. Therefore, the ring generated by G is a Z-linear combination of monomials in a i , b
and inversion produces
Similarly, the formula for a −1 b 3 produces
That is, every a i b j (i, j = ±1) satisfies a cubic polynomial. Now on multiplying the formula (ab) 3 = δ ab (ab) 2 + γ ab ab + 1 by a −1 on the left and by (ab) −1 on the right, we obtain
On substituting in the expressions for a −1 , b −1 we obtain a formula for bab as a linear combination of
Similarly, from the formulas for
, from which set we can exclude a i ba k b (k = ±1). We assert that a monomial of type
(1 ≤ i ≤ 4) and having b-syllable length |j| + |k| + |l| ≤ 3 is a sum of monomials of type α 1 b r α 2 b s α 3 with r, s = ±1 and (r, s) = (1, −1). From our formulas, we may assume that j = k = l. Typically, w = α 1 bab −1 α 2 bα 3 . Then,
For the general case, we argue by induction on d. Here, we need to consider only monomials of the form w 1 a 
Quadratic Unipotent conditions
Let R be a ring with unity and let G = a i (1 ≤ i ≤ d) be a multiplicative subgroup of R. Suppose that each
Then easily, the subring S generated by G is the linear span of {1,
Since modulo 2, the group G is elementary abelian 2-group of rank 2
Hence, γ 3 (G) = {e}.
Finally, A d (2) affords the representation
from which the exactness of the ranks and nilpotency degrees can be checked.
Cubic Unipotent Conditions
Let R be a ring with unity and let G = a i (1 ≤ i ≤ d) be a multiplicative subgroup of R. For g 1 , g 2 , ...., g n ∈ G, we have
For negative exponents, use
Thus, for m ≥ 1,
Using
for all m.
4.1. The 2-generated case. We determine A = A N in steps going through the rings A Q , A S , A T . With the objective of understanding the inner workings of our ring A we have calculated relations by hand and we confirmed these using the computer programs GAP [6] , MAGMA [8] and the GAP package GBNP [7] . We will denote the images of y 1 , y 2 in each of these rings by a, b, denote ω (A) = B and denote u (a) = a − 1, u (b) = b − 1 by U, V . Along the way we produce the following information about A Q , A S , A T . Recall
Theorem 5. (i)
A Q is freely generated as a Z-module by 1 and monomials in U, V which avoid having subwords from
4.2. Development of relations. We start with the relations u (a)
The substitutions are chosen in the following order: decrease the syllable length of monomials, decrease the total length, decrease total V length, decrease using reverse lexicographical ordering.
In the sequence of manipulations below we use the following notation: let m, p ∈ B where m is a monomial, the relation m = p is the rule of substituting m by p. Given q ∈ B written as a sum of monomials (1):
• Equations (4), (5), (6), (7) are consistent by using the Diamond Lemma as expounded upon in Bergman's [5] . With this it follows that the ring A Q is freely generated as a Z-module by 1 and monomials in U, V avoiding subwords of the form
Now, we add the relation (a
This has the consequence (ab
• This is the first instance where torsion appears.
• We conclude from the above equations that the ring A S consideration has D-rank at most 23.
To find a generating set for
However, to avoid introducing a
we restart with equations (1)-(7) and apply to them substitutions
U → U 2 + 2U , V → V 2 + 2V . (47):= (7) ← (U → U 2 + 2U ) ← (7) ← (9) 3U V U 2 = −3U 2 V U ; (48):= U × (47) 3U 2 V U 2 = 0; (49):= (47) ← (U ↔ V ) 3V U V 2 = −3V 2 U V ; (50):= (48) ← (U ↔ V ) 3V 2 U V 2 = 0; (51):= (9) ← (V → V 2 + 2V ) ← (6) ← (9) ← (47) ← (48) ← (49) 6V U V = 6U V U − 6U V 2 − 6V 2 U + 6U 2 V + 6V U 2 ; (52):= (51) × V ← (4) ← (8) ← (49) 6U V 2 U = 12U V U − 6U 2 V 2 − 6V 2 U 2 + 12U 2 V + 12V U 2 ; (53):= (8) ← 1 6 × (51) V U 2 V = U V 2 U .
Now is easy to see that over D we have
This leads to (ω)
• We conclude that the ring A T has D-rank at most 19.
• We conclude that the ring A N has D-rank at most 18.
Table of relations.
We have produced the following table of relations in the augmentation ideal ω (A). (4.5) , (4.7) , (4.8) and (4.12) . To illustrate, compute U ×(4.1) and use (4.5) , (4.8) 
to obtain (4.2). Then compute (4.2)×V and use (4.2), (4.7),(4.5) to obtain (4.9). The rest follows easily.
The rank of the ring A N is now at most 18, and is generated by
On rewriting the generating set as
we find that a, b are represented by the following upper triangular matrices 
GAP [6] shows that the matrices satisfy the relations and thus the rank D (A N ) = 18, the augmentation ideal ω (A N ) is of rank 17, ω (A N ) is nilpotent of degree 6 and the group G in A N is nilpotent of degree 5.
where
We compute
Thus,
From the above, we express C = u ([a, b]) in terms of the B-basis as
On interchanging U and V in C, we obtain
we derive
We compute the following auxiliary table of monomials involving C.
Since C 3 = 0 we can apply the general commutator formula to obtain the expres-
The cubes, indeed squares, of these two elements are zero. This fact allows us to compute
As commutators of weight 5 are trivial, we need go no further. Altogether, the expressions for these commutators in terms of the basis elements are as follows
(
Since the group has nilpotency class 5 and is 2-generated, it follows that [a, b, b, a] = [a, b, a, b] and the group is metabelian. Also, considering the fact that the minimal monomials in each of the above commutators form an independent set, it follows that the group is free nilpotent of class 5.
An element g ∈ G is a product of the form g = a i b j c 2 c 3 c 4 where
m and c 4 is a commutator word of degree 4. In order to calculate u (g) 3 for any g ∈ G, we can disregard the elements of weight 4 in u (g) when expressed in terms of the basis. Then we need to consider just g = a i b j c 2 c 3 .
Modulo weight 4:
We will show successively that u a
, u (abc 3 ) 3 are zero.
Since we have shown the relations (4.1), (4.5), (4.7), (4.8), (4.12) imply the rest of the table of relations we will prove the assertion by making the following substitutions in these five relations
First calculate
Exchange U, V in the above to obtain
Therefore,
This part is trivial since on making the substitutions we get a sum of monomials of weight 6, each being zero.
k . We will prove that u (g) 3 = 0. We have
where u a i b j may be replaced by its remainder modulo terms of weight 4,
We rewrite the last expression as l 1 + l 2 + l 3 where
Then u (g) First,
Second, The monomial ν = u (x 1 ) ...u (x m ) in the above expression is the leading term and it is of highest weight. On the other hand, given a monomial ν there exists r ∈ F d as above for which ν is a leading monomial of u (r); write r = r ν (y i ).
As we are assuming u (a i ) 3 = 0 for all i, with the notation u (a i ) = U i , our monomials in the quotient ring are of the form ν = U where P 2 = T = y 1 , y 2 , y 1 y 2 , y 
